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Introduction
In recent years, research has focused on the dynamics of crystal formation from an undercooled melt in order to identify the underlying molecular processes. This is important both from a fundamental point of view but also for many applications ranging from metallurgy [1] , material science (e.g. for the formation of optical band-gap crystals) [2] to biology (e.g. for protein crystallization) [3] [4] [5] . In particular, real space information arising from computer simulations [6] [7] [8] [9] [10] , density functional approaches [11, 12] of model systems, phase field crystal calculations [13] [14] [15] [16] and real-space experiments on colloidal dispersions [17] [18] [19] have elucidated the kinetic pathways of crystal nucleation and subsequent microstructure formation on the particle scale. Though more relevant for practical applications, heterogeneous crystal nucleation, which is initiated at impurities or system boundaries, is much less understood than homogeneous crystal nucleation in a bulk fluid [20, 21] . Heterogeneous nucleation was studied for one-component systems (e.g. hard spheres, two-dimensional dipoles) near smooth [7, 22] or structured [23] [24] [25] [26] walls, near external seed particles [27] [28] [29] or at imposed nucleation clusters [12] . However, quantitative and systematic studies on heterogeneous nucleation in two-component (binary) systems are sparse [30] . Binary systems have much more freedom for equilibrium crystal structures and therefore the heterogeneous crystallization is expected to be much richer: it depends critically on the thermodynamic parameters characterizing the bulk system and the structure of the external seed.
In this paper, we study heterogeneous crystallization near patterned walls in a two-dimensional model for binary dipolar colloidal suspensions. The particles interact via pairwise forces deriving from a repulsive potential of two parallel dipoles. This model is realized for superparamagnetic colloidal particles at a pending air-water interface in an external magnetic field which tunes the dipole moments [31] [32] [33] and the twodimensional phase behaviour at zero temperature is known [34] . The formation of crystallites after a sudden increase of the field (corresponding to a fast temperature quench) was explored in real-space experiments and compared to Brownian dynamics computer simulations [35] . Thereby, the formation of crystalline patches with different structures corresponding to stable and metastable phases was monitored as a function of time [35] . As a result, two-dimensional homogeneous crystallization after a fast quench exhibited a complex structure formation which involves disordered parts and crystallites. Apart from the thermodynamically stable structure, also metastable structures (such as triangles of big particles) were emerging as well [35] . On the time-scale explored by the experiment and the computer simulation, the thermodynamically stable crystalline state was not reached [35] . It is tempting to generalize these studies to heterogeneous crystallization since the (wall-free) behaviour is well characterized and can be used as a reference for comparison.
Here we study heterogeneous crystallization near patterned walls by extensive Brownian dynamics computer simulations. A similar setup for a one-component two-dimensional system was studied in [36] . The wall pattern exactly corresponds to the equilibrium crystal structure after the quench which is an alternating binary equimolar square crystal S(AB). Two different wall patterns are considered which are composed of fixed particles forming a stripe of the stable square crystal. In principle, this can be realized experimentally by using optical tweezers. The walls are a cut through the S(AB) crystal along the crystallographic (10)-direction where the outermost layer of fixed particle is either a row of big or small particles. (By 'big' or 'small' we refer to particles with a big or small dipole moment.) Since in both cases the wall structure imprints locally the equilibrium crystal, one would expect after a quench that heterogeneous crystallization near the walls is favoured and that crystallites with a metastable structure should be suppressed -relative to the unconfined case -at the walls. Contrarily we find that crystalline patches which involve big particles in a triangular structure are favoured near the wall with fixed outermost big particles. The concentration of big particles with a triangular crystalline neighbourhood is even larger than in the unconfined case. We attribute this unusual finding to pure kinetics of particle rearrangements after the quench, mainly governed by the much stronger AA interaction. It is not driven by energetics and therefore not simply contained in traditional classical nucleation theory [37, 38] .
In principle, our simulation results can be verified in real-space microscopy experiments of two-dimensional superparamagnetic particles [39] [40] [41] [42] [43] see also [44, 45] for alternate set-ups. The immobile particles building the external walls can be fixed by optical tweezers. Apart from that our results give more general insight into the molecular (i.e. particle-resolved) processes of heterogeneous crystallization, in particular at very fast and deep quenches where it competes with glass formation. Our findings demonstrate that the emergent behaviour is not controlled by equilibrium-like concepts (like line tensions) which form the basics of classical nucleation theory [46] but may be governed by local kinetics. This is expected to hold in a more general sense for any binary system when quenched quickly into a low-temperature state [47] . Our findings are also relevant for cooling-rate dependence of vitrification which competes with crystallization [10] .
The paper is organized as follows: in Section 2, we describe the model and the simulation technique employed. In Section 3, we summarize the results and present snapshots and statistically averaged quantities after various quenches which reveal the heterogeneous crystallization behaviour. We devote Section 4 to a discussion and conclude in Section 5.
Model
The system consists of a suspension of two species of point-like super-paramagnetic colloidal particles denoted by A and B which are confined to a two-dimensional planar interface. Those particles are characterized by different magnetic dipole moments m A and m B , where m ¼ m B =m A is the dipole-strength ratio. The dipoles are induced by an external magnetic field H as m i ¼ i H (i ¼ A, B) where i denotes the magnetic susceptibility. The magnetic field is applied perpendicular to the two-dimensional interface containing the particles. In the following the dipole-strength ratio m is fixed to 0.1 corresponding to recent experimental samples [35, 41, 42] . The relative composition X ¼ N B =ðN A þ N B Þ of B particles is fixed at 50%, hence we are considering an equimolar mixture. The particles interact via a repulsive pair potential of two parallel dipoles of the form
where r denotes the distance between two particles. For this inverse power potential, at fixed composition X and susceptibility ratio B = A , all static quantities depend solely [48] on a dimensionless interaction strength (or coupling constant)
where k B T is the thermal energy and a ¼ 1=
1=2
A the average interparticle separation between A particles. Here, A denotes the areal number density of the A particles.
We perform non-equilibrium Brownian dynamics (BD) computer simulations [49, 50] . Hydrodynamic interactions are neglected. The Brownian time scale is set by the short-time diffusion constant D A of the A particles. Knowing that this diffusion constant scales with the inverse of the radius of a particle, D B was chosen such that D B =D A ¼ 1:7 corresponding to the physical diameter ratio of the experimental samples [35, 41, 42] . A finite time step t ¼ 10 À5 , where ¼ a 2 =D A , was used in the simulations. Two different wall patterns consist of fixed particles belonging to a crystalline centred square structure. These walls are chosen with a finite width of 20a and periodic boundary conditions are applied in both directions. A simulation box set-up is sketched in Figure 1 . The black-coded particles indicate the fixed A and B particles which belong to square clusters. The outermost row of wall 1 (left wall in Figure 1 ) is composed of small particles. On the other hand, big particles form the outermost row of wall 2 (right wall in Figure 1 ). N A ¼ 900A particles and N B ¼900B particles were placed in a square box including the fixed wall particles. As a reference, we have also performed simulations in a square simulation box with periodic boundary conditions in the absence of any walls with the same number of particles.
Starting from an initial configuration of non-interacting particles which initially do not penetrate the walls (see the snapshot in Figure 1) we have changed the coupling G as a function of time by changing the magnetic field (while keeping the densities and the temperature fixed). This corresponds formally to a cooling process. The cooling history is as follows: first we increase the interaction strength G by constant steps of dG ¼ 5 and within a time Dt ¼ 1 to let the system equilibrate. This procedure is continued until a prescribed coupling G init (initial coupling) is reached. From this configuration, a sudden quench is performed to G ¼ 1 (i.e. the temperature is set to zero leading to a steepest descent quench). The time for the instantaneous quench sets the zero on our time axis. We checked that the initial state with G ¼ G init was equilibrated enough. Details of the cooling history are shown in Figure 2 . Finally we averaged over 10 different starting configurations in order to reduce the statistical error.
Our aim is to study crystal nucleation near the walls after the sudden quench. Therefore we have used criteria to define A particles which have a pure triangular surrounding of other A particles, i.e. which are close to a cut-out of a pure triangular A crystal, and, likewise, we have identified A and B particles which form locally an equimolar square lattice S(AB). The corresponding two structure elements are shown as insets in Figure 2 . Following the definition used in [41] , in detail, we associate a triangular surrounding to an A particle if the following two criteria are fulfilled simultaneously: (i) the six-fold bond order parameter p 6 ¼ ðC 
where " l is the average length of the six bond lengths l NN , is smaller than 0.04. This double condition selects local configurations close to those of a perfect triangular lattice where p 6 is unity and b 6 vanishes. Likewise we define a square surrounding around a B particle by the criteria: (i) the four-fold bond order parameter p 4 ¼ ðC 
Results
Figure 2(a) and (b) refer to the unconfined case in the absence of walls. The fraction of A particles with a triangular and with a square surrounding as a function of time is displayed, respectively, for different G init . The average here is over all mobile A particles of the system. First the cooling preparation can be seen, shown for negative times in Figure 2 . The particle number is increasing with time as the coupling is stepwise increased. After each increase the system equilibrates. This has been checked by taking slower cooling rates where relaxation time after each cooling step is doubled which did not affect the data. Hence, at different G init , the system is pre-ordered containing already a small amount of crystallites with square and triangular local ordering. After the sudden quench (performed at t ¼ 0), the number of crystalline particles is steeply increasing first and then saturates on the time-scale of 15 explored by the simulation. This latter feature is precisely addressed in Figure 3 . In general there are less particles with triangular order than those with square order (see the different scales in Figure 2a and b) . Therefore the data on the triangular particles are more noisy in general.
In general, there is an opposite trend of the number of square and triangular crystallites with G init : while the number of square particles is growing with G init , the number of triangular particles is decreasing with G init . This has to do with the fact that there is pre-ordering in the fluid state which corresponds to the thermodynamically stable ground state S(AB). Hence an equilibrated highly correlated fluid state is quenched more easily into crystalline patches with square-like symmetry. Conversely, the triangular structure is occurring most in uncorrelated systems upon a sudden cooling process. However, there is a minimal number of triangular particles for G init ¼ 30 which possibly is within the statistical accuracy (see also data for the unconfined case in Figure 3b) . We now address the question of how the walls influence the local occurrence of crystallites relative to their formation in the unconfined case. Reference data with the same cooling history but in a system without any walls are produced similar to that shown in [35] . In order to monitor the crystallites close to the walls we have defined a strip of width a parallel to the wall and count only particles within this strip. The relative fraction of A-particles with triangular or square ordering within this strip indicates the amount of heterogeneous crystallization near the walls. This quantity is shown in Figure 3 (a) and (b) as a function of the initial coupling G init 15 after the quench together with the wall-free data as a reference. As expected, the fraction of particles with a square-like surrounding depicted in Figure 3(a) is increasing with G init . Close to wall 1, there are more such particles than in the unconfined case which is understood by the fact that wall 1 induces square like ordering into the adjacent fluid mixture. However, although wall 2 is also imprinting the same square-like structure into the fluid, there are fewer of these particles at wall 2 than in the unconfined case. This is most pronounced for small G init but still significant at high G init . Conversely, the number of triangular particles at wall 1 is much lower than in the unconfined case while at wall 2 this number is definitively higher than in the unconfined case, see Figure 3 (b). The large fluctuations have to do with the limited set of 10 different initial configurations used for the average. Still the absolute fraction is such that there are more square-like particles than triangular-like particles (compare the different scales of Figure 3a and b). It is only for wall 2 at low G init that these two numbers are comparable.
Actual particle snapshots after the quench are shown in Figure 4 for G init ¼ 0 and G init ¼ 100 with appropriately colour-coded particles indicating the locations of A and B particles which belong to local triangular and square clusters. If an A particle has a triangular surrounding, all seven A particles including the central one with its full surrounding are shown in blue. Conversely, if a B particle has a square surrounding, it is coloured in green and its four A neighbours are coloured in red. All particles which belong both to the blue and the red class are shown in pink. In consistence with Figure 2 , the crystalline clusters grow as a function of G init . What can be deduced from the snapshots is that the actual particle clusters are small. On the time-scale of the simulation they are fluctuating a bit, but are not significantly growing in size. Hence on the observation time-scale the system is far away from the thermodynamically stable state of a perfect square crystal between the two walls.
Discussion
In the unconfined case, the stable state (or ground state) after a steepest descent quench is the stable crystalline lattice which minimizes the total potential energy at fixed composition. In our previous work [34] , it was shown that the stable state is a square S(AB) crystal which exactly coincides with the boundaries assumed in our simulation. Therefore the interfacial energy between this (wall-free) phase and the imposed boundary is zero. Moreover the spacing between the two walls allows an exact match of the S(AB) crystal. This implies that the stable confined state is a strip (cutout) of the S(AB) crystal. Hence the exact state is known and, given enough time and enough fluctuations, the system should reach this state after the quench. Moreover, the fixed boundaries in fact favour locally a (10)-oriented S(AB) crystal. Therefore one expects that near the walls the S(AB) crystalline structure is enhanced relative to its occurrence in the unconfined case, i.e. that the S(AB) crystal will heterogeneously nucleate at the walls. Strikingly, after a sudden quench, as realized in our simulations, the system does not relax into the true ground state and even avoids the preferential S(AB) structure near wall 2 where the outermost layers are fixed big (A) particles. Instead, locally a triangular crystal of pure A particles is preferentially nucleated near wall 2 (even compared to the wall-free case as a reference). Near wall 1, on the other hand, the behaviour is more like expected: here, more squarelike A particles are showing up than in the unconfined case, pointing to the locally preferred S(AB) crystal. The counter-intuitive behaviour near wall 2 has to do with the very fast quench. A simple argument goes along the following line: for a sudden quench first the big A particles relax near a wall which is made by fixed A particles only. Therefore, neglecting all small particles in the fast process of reordering, the big particles try to arrange in a triangular cluster and freeze in. Near wall 2, on the other hand, there is a fine structure of the outermost fixed small particles which locally forbids a triangular structure of the big particles. Clearly, classical nucleation theory, which is formulated in terms of interfacial tensions, would not predict the nucleation of triangular particles near wall 2. The failure of classical nucleation theory [37, 38] has to do with the rapid quench which violates the inherent conditions of local thermodynamic equilibrium.
However, the general scenario is compatible with the traditional Ostwald's step rule [51] [52] [53] of homogeneous nucleation which tells that if an unstable phase A transforms into a stable phase B, a metastable phase C can intervene if it is 'kinetically more accessible' than phase B. In many (but not all) applications of the Ostwald's step rule a finite sheet of the metastable phase C even remains in equilibrium coexistence between phases A and B. In this case, the equilibrium interfacial tension between A and B is minimized via the intervening layer of C. In our case, the phases A and B are identical and hence an intervening layer in equilibrium is prohibited. Hence the occurrence of the triangular crystallites is completely due to kinetics.
Conclusion
In conclusion, we have studied heterogeneous crystallization near patterned walls by extensive Brownian dynamics computer simulations. The wall pattern corresponds exactly to the equilibrium crystal structure after the quench which is an alternating binary equimolar square crystal S(AB). Two different wall patterns are considered (wall 1 and wall 2) which are made up by fixed particles forming a stripe of the stable square crystal. Since in both cases the wall structure imprints locally the equilibrium crystal, one would expect after a quench that heterogeneous crystallization near the walls is favoured and that crystallites with a metastable structure should be suppressed -relative to the unconfined case -at the walls. Contrarily we find that crystalline patches which involve big particles in a triangular structure are favoured near wall 2 with fixed outermost big particles even relative to the unconfined case. We attribute this to pure kinetics of particle rearrangements after the rapid quench. It is therefore not contained in traditional classical nucleation theory [37, 38] .
In principle, our set-up studied can be realized experimentally by using optical tweezers in order to fix the wall particles. Real-space microscopy experiments of two-dimensional superparamagnetic particles are quite common for binary mixtures and have been used to study the dynamics after a quench into the glass [39] [40] [41] [42] [43] . Our results provide also more general insight into the molecular (i.e. particle-resolved) processes of heterogeneous crystallization, in particular at very fast and deep quenches where it competes with glass formation. In fact, our findings demonstrate that the emergent behaviour is not controlled by equilibriumlike concepts (like line tensions) which form the basics of classical nucleation theory [46] but may be governed by local kinetics. This is expected to hold in a more general sense for any binary system when quenched quickly into a low-temperature state [47] . Our findings are therefore also relevant for the general relation between crystallization and vitrification [54] [55] [56] .
